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Abstract 

In previous work by two of the present authors, twistors were re- 
interpreted as 4-d spinors with a position dependence within the for- 
maUsm of geometric (CUfford) algebra. Here we extend that approach 
and justify the nature of the position dependence. We deduce the 
spinor representation of the restricted conformal group in geometric 
algebra, and use it to show that the position dependence is the result 
of the action of the translation operator in the conformal space on the 
4-d spinor. We obtain the geometrical description of twistors through 
the conformal geometric algebra, and derive the Robinson congruence. 
This verifies our formalism. Furthermore, we show that this novel ap- 
proach brings considerable simplifications to the twistor formaHsm, and 
new advantages. We map the twistor to the 6-d conformal space, and 
derive the simplest geometrical description of the twistor as an observ- 
able of a relativistic quantum system. The new 6-d twistor takes the 
role of the state for that system. In our new interpretation of twistors 
as 4-d spinors, we therefore only need to apply the machinery already 
known from quantum mechanics in the geometric algebra formalism, 
in order to recover the physical and geometrical properties of 1-valence 
twistors. 



1 Introduction 



Twisters are nowadays a versatile mathematical tool, which can be applied 
to many different areas. Recently, there has been a renaissance in the ap- 
plication of twistors to other fields than the well-known integrable systems. 
In string theory for example, new methods have been developed to compute 
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scattering amplitudes in Yang-Mills theories making use of the twistor space 
[3 These papers (in particular 0J) have had a very important impact in 
high energy physics and supergravity theories, leading to extensive research 
on these for example P CBl CH [HI iOl il El IE] • 

The initial construction of twistors was motivated by Penrose [29118711 IHfil 
l^m 021 ins OS] to solve one of the most important and still unresolved prob- 
lems within theoretical physics: quantum gravity. The twistor formalism 
relies on a complex structure of the physical world, where massless free fields 
of general spin are taken as holomorphic functions, and where the geometry 
of space-time can be related to the principle of superposition in quantum 
mechanics. The building blocks for this last relation are the following cru- 
cial aspects of the theory and the conformal space. The twistor algebra is 
an extension of the spinor algebra, and the twistor space is considered as the 
most fundamental entity. The spaces needed for general relativity and quan- 
tum mechanics, are both subspaces of this more general space. For example, 
events in space-time are derived in a non-local way through the incidence of 
twistors. 

The main objective of the present paper is to re-interpret twistors and to 
look at some of the aspects mentioned above, making use of a special case of 
Clifford algebras: geometric algebra. This is a real algebra, that allows for 
objects such as tensors and spinors, to be represented in a frame-free way. 

Clifford algebras have been used to express spinors and twistors for many 
years. These for example, have been realised as one-sided ideals of Clifford 
algebras by Cartan, Riesz [^, Chevalley, Atiyah, Bott and Shapiro 0, and 
Penrose. Specific approaches to twistors using real Clifford algebras, can 
also be found in the literature, see for example Here however, we follow 
a different approach. This work is based on a previous paper j2H|, where 
the authors defined twistors as 4-d spinors with a position dependence, and 
obtained some of the physical properties of the particle that a 1-valence 
twistor is encoding. We extend here this formalism, and consider only 1- 
valence twistors, leaving 2-valence twistors needed for the construction of 
events in space-time to be treated in [2|. Let us briefly summarise the new 
results contained in this paper. 

In jSH], the nature of the position dependence given to the 4-d spinor was 
unknown. Here we show that such a position dependence is the outcome of 
the action of a translation operator on the spinor in the conformal space. We 
construct a representation of the twistor in the 6-d conformal space, and de- 
duce the spinor representation of the restricted conformal group, through the 
action of the group on the 6-d twistor. This result completes and amends the 
spinor representation of the restricted conformal group within geometric al- 
gebra, previously established in [\^ and [22J. We verify the consistency of our 
approach, by recovering the main geometrical structure that defines twistors: 
the Robinson congruence. Furthermore, we are able to derive the simplest 
geometrical representation for a twistor as the observable of a relativistic 
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quantum system, where the 6-d twistor plays the role of the wave-function 
for such a system. 

The research described here represents a novel approach to twistors that 
is in clear contrast with the applications mentioned in the first paragraph, 
where holomorphicity plays a fundamental role, and twistors are used for 
specific computational tasks only. Furthermore, the use of geometric algebra 
brings new advantages by simplifying the formalism. 

This work is organised as follows. Section 1 is the present introduction. 
Section 2 contains a general review of the main important results found in 
|28j . and it is divided in 3 subsections. In subsection 2.1 we define and ex- 
plain the basic general rules of geometric algebra, and specify the algebra for 
the space-time. In subsection 2.2 we give an outline of spinors following the 
construction introduced by Hestenes [21j. Spinors correspond to objects that 
belong to the even subalgebra of the Clifford algebra for the space, and that 
transform in a specific way under the action of the spin group. Although the 
even subalgebra has the same dimension as the ideal of the algebra, this will 
act as a first illustration of how our formalism differs in interpretation and 
manipulations with the conventional approaches. In subsection 2.3 we intro- 
duce the definition of a 1-valence twistor, and give the physical properties of 
the massless particle that it represents. Although the position dependence 
is justified later on, this last aspect shows that the new re-interpretation 
simplifies greatly the formalism. In the next section (3), we look at the con- 
formal geometric algebra. This is divided in two parts. The first subsection 
is a review of how the conformal space is constructed, and how the conformal 
transformations are defined within geometric algebra. In the second part, 
we give a novel representation of the twistor in the 6-d space, and use it 
to deduce the spinor representation of the conformal transformations within 
geometric algebra. This is achieved by looking at the way the 6-d twistor 
transforms under the action of the conformal group defined in 3.1. This sec- 
tion is crucial, because it shows that the position dependence is simply the 
result of translating the origin in the conformal space to a general position 
vector. Furthermore, the geometrical properties of the twistors that we de- 
rive in section 4, are constructed through the conformal geometric algebra. 
In 4.1 we describe null twistors geometrically, and recover the expected null 
ray defined in jSHl- In 4.2 we look at the geometrical description of non-null 
twistors, and derive the Robinson congruence. We confirm that the circles 
belonging to the congruence are geodesies, by proving that these correspond 
to d-lines in a non- Euclidean space. In the final subsection (4.3), we show 
that by re-interpreting a twistor as a spinor in geometric algebra, we are able 
to project it to the 6-d space and use it to obtain its geometrical descrip- 
tion, for the simplest case, as one obtains the spin bivector in a relativistic 
quantum system. 

The conventions in this work are as follows. Greek indices run from 
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to 3, while Latin indices run from 1 to 3. The signature of the space is 
chosen such that the timehke vector has positive norm, and the space-hke 
vectors negative. The speed of hght is set to unity c = 1 and so is the Planck 
constant h= 1. 

2 Background Review 
2.1 Space-time algebra 

In this section we introduce our main mathematical tool, which follows 
Hestenes approach to Clifford algebras, where no specific representation is 
specified (see jSHllSlESI for example). Details of the content of this section 
can be found in 

Geometric algebra (GA) is a Clifford algebra over the field of real num- 
bers. Its bilinear product is given by the geometric product defined as follows 

ab = a-b + aAb, (1) 

where a and b are objects of grade 1 (vectors), a ■ b has grade (a scalar), 
and a A b returns an object of grade 2 (a bivector). The first operation in 
the geometric product corresponds to the inner product: 

a-b=^{ab + ba), (2) 

and the second one to the order product: 

aAb = ^{ab-ba). (3) 

Elements of the geometric algebra are in general a linear combination of 
objects of different grade called multivectors. The operator defined by: ( )k, 
projects the object of grade k from the multivector. This allows us to express 
the general multivector A as follows 

A = {A) + {A)r + ... = Y,{A),, (4) 

k 

where ( ) = ( )o corresponds to the scalar projection. 

The normalised element of highest grade of the algebra is called the pseu- 
doscalar and it is denoted by /. The reason for this is that it squares to —1 in 
most of the physical spaces of interest. One such a space is Minkowski space- 
time, which can be generated through the space-time algebra. This algebra 
is spanned by four orthonormal vectors {7^^} which have as matrix represen- 
tation the Dirac matrices, and therefore obey the Dirac algebra accordingly 

ltJi-lv = ^{it^lu + lulti) = V^iu = diag(+ ), (5) 
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where ^ and v run from to 3. 
The reciprocal vectors are 



7° = 70, 7'' = -7fc, A; = l,...,3. (6) 

The basis elements of the algebra are constructed through the geometric 
product, and these constitute in total 2^ = 16 elements, viz 

1 {7/.} {lp.^lv) {^7^} ^ 

1 scalar 4 vectors 6 bivectors 4 trivectors 1 pseudoscalar 

where the pseudoscalar / = 70717273 representing the directed volume ele- 
ment, is such that 1^ = —1. 

For non-relativistic physics, a basis for the 3-d space can be created from 
the above vectors, by defining relative vectors. These are bivectors given by 
r A V, where r is the position vector, and v is the velocity of the observer. 
Taking v = ^0 (since c = 1), the bivectors have the following form 

<7fc = 7fc7o, A; = l,...,3. (8) 

Note that the pseudoscalar is the same for the algebra of the 3-d and 4-d 
spaces. In a 3-d space the bivectors {cTk} can be treated as vectors that obey 
the Pauli algebra 

aiaj = ai - aj + ai Aaj = 5ij + leijkCTk, (9) 

where 6ij is the Kronecker delta, and Cijk is the Levi-Civita symbol (permu- 
tation symbol). This relation can be verified using eq.lIHl) and 

Even elements R of the algebra such that RR = 1 are called rotors. (Note 
that the tilde over R corresponds to the reverse operation, which consists in 
reversing the order of the elements in each outer product of a multivector.) 
Any multivector A of the algebra is transformed in exactly the same way 
under their action 

A ^ A' = RAR. (10) 

However, rotors and spinors tp transform single-sidedly according to their Air 
symmetry, viz 

ifj ^ ijj' = R^, (11) 

Rotors mainly encode rotations, and for spaces of Lorentzian signature (1, q) 
or (p, 1), these can be generalise to any dimension since the rotor can be 
written as follows 

R{\) = ±6-^^/2, (12) 

where A denotes the infinitesimal parameter controlling the angle of rotation, 
and B denotes the plane where the rotation is taking place. More complex 
transformations can also be defined by rotors. An example of these are 
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the proper orthochronous Lorentz transformations, which can be obtained 
through the following rotor 

R = e-^l\f^^^l\ (13) 

where the first exponential generates the boost and the second one the rota- 
tion. The bivector B encodes the boost, and the rotation takes place in the 
plane perpendicular to the motion: IB. The parameter /3 is the difference of 
velocities between the frames (in units of c), and a is related to it as follows 

tanha = /?, (/? < 1). (14) 

Rotors form a subgroup of the spin group, which consists of even-grade 
multivectors S S G{p,q) such that 

SaS-^ eg\ Va e g\ SS = ±1, (15) 

where Q{p, q) denotes the geometric algebra for a space with signature {p, q), 
and stands for the subspace of elements of grade 1 of the algebra. The 
spin group Spin{p,q) is a 2-to-l map of the group of orthogonal transforma- 
tions with unitary determinant SO{p, q). Taking into account that = i?, 
rotors constitute the spin subgroup such that RR = 1, and this is designated 
by Spin~^{p,q). It is a double-cover representation of the restricted orthogo- 
nal group SO'^{p,q), which is the subgroup of transformations continuously 
connected with the identity. 

2.2 Spinors 

Within geometric algebra, spinors belong to the even subalgebra and to the 
spin group (see jSHlEHl^lEI)- In the 3-d space they are called Pauli spinors, 
and they are proportional to rotors. The relation between the conventional 
notation and our definition is 

10 = (^°) = - C = a' + a>'Ia„ = 1, . . . , 3, (16) 

where the coefficients (for = 0, . . . , 3) are scalars. Note that the Ein- 
stein summation convention is applied when two indices repeat themselves, 
unless otherwise stated. Using the above equivalence, we can write the cor- 
responding spin-up and spin-down basis states 

I T) ^ 1, li) ^ -1(^2. (17) 

In terms of these, the spinor ( in eq. (|T6|l can be expressed as 

C = (a° + a^Ias) + {-Ia2)i-a^ + a^Ia^), (18) 
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which indicates that the role of the unit imaginary is taken by the bivector 
/(T3. Therefore, borrowing the same notation to express the components in 
terms of GA, according to eq. (|T8|l these correspond to 

(19) 

Every time we encounter /(T3 in an expression for spinor components, we 
just replace it by the unit imaginary i in order to obtain the conventional 
notation. In general, if a given spinor C, is expressed in its geometric algebra 
representation, its components are recovered through the following operation 

C° = (C) + (-C /^3)/^3 = (C)0,/.3 = (0. 

e = {1^2 + {-1^2 c 1^3)113 = {1^2 Os 

where the subindex s in the projector operator indicates that the scalar and 
/o"3 terms are projected from the spinor The operator ( )s corresponds to 
the projector used to construct the inner product. 

Note that CC = where /? is a scalar. This enables us to write the spinor 
in terms of a rotor R as follows: ( = p^^'^R, since RR = 1. This form justifies 
why spinors behave as operators within our formalism, as we will see later 
on. 

Looking now at the relativistic scenario, we are interested in two partic- 
ular spinors: 4-d spinors and 2-spinors (or Weyl spinors). The former have 
the same algebraic structure as Dirac spinors, and hence have 8 degrees of 
freedom, while the latter although relativistic, have only 4 degrees of free- 
dom. Dirac spinors and 4-d spinors are two different entities, even though 
they have the same algebraic structure, because they do not transform in 
the same way under the conformal group as we will see. However, they share 
other important properties that will allow us to define quantum mechanical 
observables in the same way for both of them. 4-d spinors can be expressed 
in terms of the 2-spinors in the same way that Dirac spinors can, and this is 
called the Weyl representation. In the literature, different approaches can be 
found for representations of 2-spinors in terms of Clifford algebras (see for 
example ^Hj)- Here we follow the approach first introduced in ^2^, and later 
on in ^3^1^]. Weyl spinors are irreducible representations of SL{2,C) 
(see P5 for example). The fundamental representation denoted by (^,0), 
corresponds to the left-handed Weyl spinor: \u>) = uj^, where A = 0,1. In 
terms of GA this is 

u;^ ^ iv^il + as), (21) 

where a; is a Pauli spinor, i.e. of the form of eq. (|TH|l . The projector to the 
right of u; is a chiral operator that ensures that the spinor maintains its four 
degrees of freedom after undergoing Lorentz transformations. 
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The complex conjugate representation is given by (0,^), and it corre- 
sponds to the right-handed representation which hves in a different module. 
This spinor transforms in a different way to the left-handed one. We choose 
to define the operation of complex conjugation by right multiplication by 
CTi, since this changes the ideal which defines the module. The right-handed 
spinor \oJ) = is therefore given in terms of GA by 

O^' ^ uj^{l + a3)ai=ujla2^il-a3). (22) 

To obtain a representation of the 2-spinor in terms of components, it is 
necessary to define a spin-frame. This is given by a pair of spin-vectors o 
and L, which are normalised 

{o,i} = l. (23) 

The operation { , } denotes the inner product which is defined further on. 
Explicitly, the spin- vectors are o = (1, 0) and i = (0, 1). In terms of GA, the 
map of eq. lfT7|l tells us that the corresponding Pauli spinors of the spin-frame 
are: o = 1 and l = —Iu2, which define the spin- frame for 2-spinors as follows 

- ^(1 + ^3), (24) 

^ _/^2^(l+^3). (25) 

The expression for a general spin-vector in terms of its components is 

u; = (w°,w^) or cj^ = cj V + w^i^. (26) 
These are recovered from the GA representation as follows 



(27) 



while the components of its complex conjugate uj^' , defined by eq. ip^ . are 

^o'^2(a;i(l-^3)>.* 



V 



2(/cT2u;i(l-a3))* 



(28) 



where the projector {)*s = { )o,~ias denotes the complex conjugate. 

The inner product between 2-spinors is an antisymmetric quantity, which 
takes the following form in terms of components 

WAvr"^ = wovr" + wivr^ = w^vr^ - w V, (29) 

where the relation between representations of components 

uj^ = ui, uj^ = —ujQ, (30) 
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was used. Note that this relation is always valid for any 2-spinor co^. 

The geometric algebra representation of the inner product corresponds 

to 

iOAT^"^ = a + i/3 ^ {lo, vr} = a + pia^ = {Ia2unr)s, (31) 

and the complex conjugate is simply denoted by {lo,tt}*. 

We proceed to define the Weyl representation of the 4-d spinor, viz 

|V')=(j^|) ^ V = ^^^(l + f^3) + 7r/(72^(l-a3). (32) 

Its algebraic similarity with the Dirac spinor, enables us to recover the bilin- 
ear covariants, in the same way that we recover those for the Dirac spinor, 
by applying the machinery of quantum mechanics in the geometric algebra 
formalism. We can therefore define the 'Dirac adjoint' of this 4-d spinor, and 
this is 

(V^l ^ iP, (33) 

which denotes a fully Lorentz-covariant operation. The components of ip can 
be recovered using the following projections 

< = c^° = 2(V' 1(1 + ^3)), 
^1 = a;i = 2(1(72 ^ U'^ + ^3))s 

(34) 

^3 = = ^0' ^ _2(7^2 - ^3)). 

It is important to bear in mind that every time the bivector la^ appears in 
an expression for components, we need to replace it by i, the unit imaginary, 
in order to recover the conventional notation. 

The spinors take the role of operators within the geometric algebra for- 
malism. This is elucidated when the observables of a system are found. 
One of the fundamental aspects to recover such observables in the relativis- 
tic framework, is the action of the Dirac matrices on the spinor. In our 
matrix-free representation, such an action is equivalent to 

iM) ^ 7mV'7o, (/x = 0, ...,3) (35) 
i\tl)) ^ iplcrs, (36) 
75 IV') ^ V'<^3, (37) 

where ip is a Dirac or a 4-d spinor. 

Another fundamental aspect is the inner product. For Pauli, Dirac and 
4-d spinors this is given by 

(V', (l>)s = {^ct>)s = in) - {ii(f>Ia3)Ia3. (38) 
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In the space-time, this operation leads to a space with signature (2,2), and 
with a structure equivalent to a complex space. This is a crucial point for 
future identification of twistors with 4-d spinors in our formalism, since these 
are exactly the properties of the twistor space. 

Let us now illustrate how the spinors correspond to operators in GA by 
recovering some observables. Even though we are considering 4-d spinors 
denoted by V', the bilinear covariants that we will find below will be denoted 
and called in the same way as their analogues in the Dirac theory, since both 
objects have exactly the same properties. The Dirac current for example, is 
obtained as follows 

JiJi = (V'l^lV') ^ (V',7/.V'7o)s = (V'TmV'To) =lii- J, (39) 

where J = V'ToV' denotes the Dirac current in the geometric algebra formal- 
ism. In terms of components, vectors are represented as follows within GA 

J = J^l,. = J•^7^ (40) 

which tells us that = J ■ or = J -^^ . Equation l|39|l indicates that 
V' acts as a rotor, and gives the instruction to rotate 70 in the direction of 
the current, and dilate it. 

Another quantity of interest is the relativistic generalisation of the spin 
vector, which is the relativistic angular momentum. This is called the spin 
bivector in GA, and we find it as follows 

s^"" = l{i^\i\[r,rm -^(v,7'^a7^ v^/crg), = -s-i^^^A^n (4i) 

where 

S = ^i^Ia^i^, (42) 

is the spin bivector. Since this object is in no specific representation, in order 
to identify it with its conventional analogue, we need to express it in terms 
of components. From the above equation we see that we chose to define the 
components for second rank tensors as follows 

S^"" = -S-i-f^' aY), (43) 
although any other choice could have been made. 

The twistor algebra, which is an extension of the spinor algebra, can 
be taken as the fundamental structure for quantum mechanics and general 
relativity (HHl, because the tensor algebra can be derived from the spinor 
algebra. For example, the group property that SL{2, C) is the universal 
covering group of the restricted Lorentz group S'0"'"(3, 1), enables us to rep- 
resent null vectors through the outer product of left- and right-handed Weyl 
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spinors. In detail (see [HZ|), the spinor system is built up from two mod- 
ules and (3^ which are related to each other by a relation of complex 
conjugation. The tensor algebra can be constructed using the outer product 
of combinations of the different modules. Here we are interested in defining 
the flagpole, which is a future pointing null vector K^^ , that represents the 
2-spinor up to a phase. This is a fundamental object to describe the twistor 
physically and geometrically. On one hand, the geometrical information of a 
twistor can be specified through the flagpole directions of the primary part 
of the twistor. And on the other, the flagpole of the projected part gives 
the momentum of the massless particle that the twistor is encoding. Within 
GA, the flagpole of a spinor lo^ is defined as follows (see and [TK] 'l 

K^^' = oj^uj^' ^ K =^uj{-fo + 73)0;. (44) 

This has an interesting form within this formalism, since it corresponds to the 
Dirac current = 4>^o4> = K associated to the wave-function (f) = u!^{l+a-i). 
The components of as a vector can be recovered through eq.l^Ol- However, 
this vector can also be represented in terms of 2x 2 Hermitian matrices, which 
is the conventional representation of K"^^ . The representation we choose 
here is 

K^A' = K^a^ = f ] = , (45) 

where ctq = 1 and at are the Pauli matrices as usual. This representation 
is the same used by although it differs from the one specified in pTT] . 
so special care has to be taken when components are compared. (The rep- 
resentation we use can be obtained following the method developed in jSZj, 
although the stereographic projection has to be taken this time from the 
South Pole.) 

2.3 Twisters and their physical properties 

The re-interpretation of a twistor as a 4-d spinor in the geometric algebra 
formalism can take place, because the position dependence that a twistor 
has and a spinor normally does not, is introduced here through the action of 
an operator on the 4-d spinor. Such an operator corresponds to a translation 
in the conformal space, as we will see later on. 

Twistors (see (^) are objects belonging to a 4-d complex space, which 
can be described through the solutions to the equation 

Vj^^w^) = 0. (46) 
For non-charged fields in Minkowski space M, the solution is 

A ° ^ ■ A A' ° 
UJ =UJ —ir IT A' 

(47) 
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where lv and vr^/ are constant spinor-fields whose values coincide with those 
of uj^ and tta' at the origin, and r^"^ is a vector field on M. This solution 
is encoded in a twistor as follows 

Z" = (u;^,7r^0- (48) 
In terms of GA, the twistor is represented through the following construction 

Z = r_,(^) =V + rV/73^(l + fT3), (49) 

where ijj is the 4-d spinor given by eq. lp^ . and the operator r_r is the spinor 
representation in the conformal space of a translation to —r. This will be 
elucidated later on. 

The 2-spinor with the locational properties is called the primary part 
of the twistor, and the constant 2-spinor tta' its projection part. Each of 
these parts plays an important role in the geometrical and physical interpre- 
tation of twistors as we will shortly see. In terms of GA, the primary part 
corresponds to 

u;^ ^ a;p = (a; + r7r/(j2/73)^(l + fT3) = zi(l+(T3) (50) 

where u;^(l + 0-3) is just a constant spinor-field, and we can verify that its 
value coincides with that of ujp at the origin as established. Its components 
can be recovered making use of eq. l|?7|l . however note that r^"^ must be 
expressed according to eq. (|i5]l . On the other hand, the projection part is 

VTA' ^ Z^(l - 0-3) = 7rJcj2^(l - 0-3). (51) 

For comparison of this GA object with the conventional formalism, we need 
to resort to components. Eq.l|28|l gives us a way to recover those for vr^ , 
and using eq. lfHT))! we can obtain those for vr^'. 

The components for the twistor are conventionally evaluated at the ori- 
gin, see eq.(6.1.21) on p. 48 of Therefore, within the GA framework 
these correspond to eq. (|M|l . viz 

Z° = -0°, = = Zo' = V^ Z'^ = Zv = iJ^. (52) 

Taking a twistor as a 'translated' 4-d spinor, enables us to find its physical 
properties in the same way we find the observables of a quantum system 
described hy ip. To do this we need to define the inner product. This is 
the same as for 4-d spinors given by eq. (p?H|l . since the conformal operation 
defined by Tr preserves it as we will see later on. This is therefore 

^ {XZ)s = {^i')s, (53) 
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where 

X = ,/. + r0/73^(l + a3), (54) 

and 

<A = e^(l + ^73)+7?/c72^(l-a3). (55) 

The observables obtained through this operation are therefore conformally 
invariant. One such a quantity is the helicity, which is defined as 

s = -(ZZ)s 

(56) 

= -W). 

This is fully independent of any point in space-time and asserts a handedness 
that divides the twistor space into three regions according to s > 0, s < 0, 
or s = 0. 

All the physical states in quantum field theory can be labelled according 
to the eigenvalues of two Casimir operators: the momentum and the Pauli- 
Lubanski spin vector. The linear momentum is a future- null vector field, 
which in terms of 2-spinors represents the flagpole direction of the projection 
part of the twistor. According to eq.l^lj this is 

PA A' = T^AT^A' 
I 

1 _ 1 ~ 1 

P = 2^(^o + 73)7r = -V'(7o - 73)V' = 2^(7o - Ts)^ (57) 

which is a covariant quantity as well. 

The angular momentum has a position dependence given by a conformal 
Killing vector field, which for the massless case corresponds to the flagpole 
directions of uj"^. We will soon see that these directions have an important 
geometrical interpretation. They correspond to the tangents to the lines of 
the congruence that defines a twistor up to a scalar factor. In terms of GA, 
the angular momentum takes the same form as in the quantum theory 

M = ^ZIa3Z, (58) 

which in terms of the position and the momentum is 

M = Mo-r Ap, (59) 

where 

Mo = -iplas^ (60) 

is the angular momentum at the origin as expected, since it corresponds to 
the spin bivector of the spinor tp, defined by eq.l^SJ. This last equation 
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confirms that M given by eq. (|58|l is of the form of a quantum observable. 
Its components can be recovered making use of eq.l^Sl- 

The Pauh-Lubanski spin vector is defined as follows within GA 

S = -2I{pAM) = 2p.{IM). (61) 

For massless particles this can be expressed as 

S = —piipip) = ps, (62) 

where s is the helicity of the particle. 

Now that we have seen how to obtain essential physical quantities from 
twistors, we can reverse our procedure. A specific twistor Z can be recon- 
structed up to a phase if we know p and M. This is easy to see by replacing 
Z with Ze^'^'^*^ (where ^ is a scalar) , and verifying that the quantities remain 
unchanged. 

In this section we have shown how to recover within our framework the 
physical properties of the massless particle that the twistor is encoding, if 
this is re-interpreted as a 4-d spinor. The formalism led to expressions al- 
ready known from relativistic quantum mechanics. In the next section we 
will define the conformal space and derive the spinor representation of the 
conformal transformations, justifying the form of the twistor as a 'translated' 
4-d spinor. Furthermore, the conformal space is crucial for the geometrical 
interpretation of twistors. 

3 Conformal geometric algebra 

3.1 Conformal space and its transformations 

The conformal space consists in the addition of two new directions, e and e, 
perpendicular to the basis vectors of the original space V{p, q), 

= 1, = —1, e-e = e- x = e- x = 0, (63) 

where x G V{p, q). Therefore, for a vector space V of signature {p, g), we get 
a vector space V{p -|- 1, g -|- 1), where two null directions n and n are formed 
from the additional vectors 

n = e + e, n = e — e. (64) 

Note that, 

n • n = 2 and x ■ n = x ■ n = 0. (65) 

Each position vector x £ V{p, q) is as a consequence represented in the 
conformal space by a null vector X G V{p+l^q+l)^ through a map that is 
specific to the geometry of the space. 
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The construction of the Euchdean conformal map within geometric alge- 
bra was first given by [21], and this is defined as follows (see [l^J) 

X = FE[^ = ^{x'n + 2\x-\^n), (66) 

where A is a positive scalar, a fundamental length scale, introduced in order 
to obtain a consistent dimensionless object. 

For the hyperbolic space, the map is given by f26j 

■^^^^ (x) " A2 - x2 ^"^^^ ^ ^'^^ ~ ^^^^ 

The properties of the space are determined through the conformal trans- 
formations^ which are transformations that preserve angles. These define a 
group C{p, q), which is a double-cover representation of SO{p-\-l,q-\-l), and 
has its same dimension. There is a subgroup of transformations that can be 
defined in terms of infinitesimal parameters. These specify the restricted 
group C~^{p,q), where only inversions are excluded. The transformations of 
C~^{p,q) can be expressed in terms of rotors, since the group of rotors is a 
double-cover representation of the restricted orthogonal group. 

The results presented here are taken from pHI, modified to include the 
scale factor A in order to have the correct dimensionality. 

Translations 

The operation we want is 

X x' = X + a (68) 

where x,a G V{p,q). This is achieved in the conformal space with the 
rotor 

/na\ 1 
= l^J = ^ + ^^^^ 

since 

Ta Fe (^) fa = Fe . (70) 

Note that this rotor leaves the point at infinity, given in the Euclidean 
space by n, invariant: TauTa = n. 

In the hyperbolic space, the translation rotor is given by (see |26| 'l 

The form of this rotor indicates that as x approaches the value of 
A, the point is translated to infinity. This implies that A is setting 
the boundary of the representation, which in 2-d corresponds to the 
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circle of circumference of the disc. This representation is known as the 
Poincare disc, and it is a convention to take a unit disc: A = 1. 

An important property of a curved space, is that general translations 
do not commute: T^Ty / TyT^, unless x and y are parallel. 

Rotations 

Rotors R in charge of rotations belong to the space-time algebra. As 
a consequence, the point in the conformal space is rotated in the same 
way as the multivectors of the space-time algebra. Therefore, according 
to eq. (fTn|l . the transformation is the following 

Fe [RjR) = RFe {£j R. (72) 

Note that the point at infinity is left invariant under the action of the 
rotor. 

If instead of a rotation about the origin, we want a rotation about the 
point a G V{jp-,q), the operation is achieved with the new rotor 

Ra = TaRTa, (73) 

which is equivalent to translating a back to the origin, performing the 
rotation, and then translating it forward again. The covariance of the 
theory is therefore manifested, since the origin is not a special point. 

Dilations 

A dilation in the origin is given by 

xh^ x' = e~"x, (74) 

where a is a scalar. The rotor encoding such a transformation in the 
conformal space is 

£>a = e~ =cosh(^-J +sinh(^-jiV, (75) 

where N = ee. The transformation in the conformal space is 

e-^Do^FE (^) = Fe (e""^) . (76) 

If we want a dilation about a point a, we proceed as we did for the 
rotations, and obtain a new rotor, viz 

D'^ = TaD^Ta = e —, (77) 

where A = Fe {j) . 
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(78) 



Inversions 

This operation cannot be defined infinitesimally, and therefore, cannot 
be expressed in terms of a rotor. 

Taking into account the scale factor, the operation we need to consider 
is 

X Xx 
A " ^ 

Under inversions the point at the origin and at infinity are exchanged. 
This can be achieved through reflections, where the vector e is taken 
to be the unit vector to the plane. This operation leads to 

Note that this is the correct operation, since vectors in the conformal 
space are represented homogeneously, therefore X and aX correspond 
to the same vector x, for any non-null scalar a. 

Furthermore, inversions in an arbitrary point a are obtained by replac- 
ing the vector e by TacTa. 

Special conformal transformations 

This operation is defined as an inversion followed by a translation, and 
another inversion. The position vector is transformed to 

X inv. Ax trans. Ax Q. 

X^ X^ A 



x' 



\^x + ax^\-^ (80) 



Ax^ 
A A 



A^ + ax A^ -|- xa 
The generator of this transformation is also a rotor 

TlQj 

Ka = eTae = 1 " (81) 
which leads to the following conformal vector 

K.F, Q ^„ = (l + . X + ^yx^) F, (x^) • (82) 

In conclusion, the operators achieving restricted conformal transforma- 
tions in GA belong to the conformal rotor group Spm+(2,4). This group is 
a double-cover representation of the restricted orthogonal group 50"'"(2,4), 
which in its turn is a double-cover representation of the restricted conformal 
group C"'"(l,3), see p. 384. Therefore, our rotor group is a 4-fold cover- 
ing of the latter. This is a key point, because 5pm "'"(2, 4) is isomorphic to 
SU {2,2), the twistor group. 
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3.2 Twistors in the 6-d conformal space 

Twistors are a spin-1/2 representation of the restricted conformal group. We 
can therefore map the twistors into the 6-d conformal space-time algebra, 
apply the rotors to the 6-d new objects and deduce the spinor representation 
for the conformal group. Furthermore, we will see in the next section, that 
the geometrical description of the simplest twistor can be constructed as an 
observable of this special 6-d spinor in the conformal space. 
The twistor is mapped into a 6-d object as follows 

T = ZW1W2, (83) 

where Wi and W2 are the following projector operators 

Wi = ^(1 - /73e), W2 = \{l - /7oe). (84) 

Let us now look at the induced transformations on the twistor Z, by 
transforming T under the conformal group. We take A = 1. 

Rotations 

These are straightforward, since the rotor is defined in the 4-d space, 
and therefore the transformation verifies 

RT = R(ZWiW2) 
= {RZ)WiW2. 

In this case the rotor acts in the usual way and does not take a different 
form 

Z ^ Ro{Z) = RZ, (86) 

where Rq denotes a rotation in the origin. To obtain rotations about 
an arbitrary point, we need to use translations. 

Translations 

Let us apply the translation rotor defined by eq. (|69|l to the 6-d twistor 



TaT = Ta{ZWiW2) 

= ZW1W2 - ^Z{e + 6)1^1^2. 

If we compute the action of the vectors e and e on the projectors, we 
find that 

eWiW2 = I-/3W1W2 and eWiW2 = -IJ0W1W2, (88) 
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and therefore 

TaT = ZW1W2 - aZ/73^(l + a3)WiW2 

1 X (89) 

Z-aZ/73-(l + a3)j W1W2. 

This tells us that the spinor representation for translations is 

Ta{Z) = Z-aZI-f3^il + a3), (90) 

since 

TaT = Ta{Z)WiW2. (91) 

Eq.(innil therefore confirms that the twistor Z corresponds to a trans- 
lated 4-d spinor to — r within the geometric algebra framework. 

Note that this operation leaves the inner product invariant, as ex- 
pected. If we set 

/ = T,(V) and 0' = T,(0) (92) 

it follows that 

(V',</'')s = (V', </>)., (93) 
where -0 and (j) are general 4-d spinors. 

Dilations 

The action of the rotor for dilations defined by eq. l(75|l on T is 

D„T = D^{ZWiW2) 

= cosh (I) ZW1W2 + sinh (I) Z{-a^)WiW2 (94) 

= Ze-'"'^l'^WiW2. 

This tells us that general 4-d spinors are transformed under dilations 
as follows 

D^{Z) = Ze-'^"''/^, (95) 

since 

D^T = {D^Z)WiW2. (96) 

Note that the above operation represents a dilation in the origin. If we 
want dilations about a general point, we need to apply translations as 
well. 
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Inversions 

This transformation is not part of the restricted conformal group, and 
therefore it is not given in terms of a rotor operator. Furthermore it 
does not have a unique representation. For this case, we look directly 
at the spinor representation first. We have a freedom of choices for 
the operator O defining the inversion, for example combinations of Ia2 
and lai. The operator O needs to be anti-unitary and such that 

Do^{Zd) = D.^{Z)d. (97) 

We choose /(T2, which leads to 

Z' = Z/(J2, (98) 

and this agrees with eq. l(97|l since 1 02 anticommutes with (T3. 

Let us now find the appropriate transformation of T that would lead 
to ZW1W2 ^ ZIa2WiW2 according to eq. iP?H|l . The choice is not 
unique since the inverse transformation of Z is neither unique. This 
is a behaviour expected from T, since it is a spinor. We choose the 
following operation 

-eTl7i = -eZWiW2l-fi 

99 

= ZIa2WiW2 

which clearly works. 

Special conformal transformations 

This transformation is achieved through the rotor given by eq. (|8T1l . Its 
action on the 6-d twistor leads to 

KaT = Ka{ZWiW2) 

= ZWiW2 + aZI-,s^{l-a3)WiW2 ^^qq^ 
Z + (1-^73)^ W1W2. 

Spinors therefore transform under special conformal transformations 
as follows 

KaiZ) = Z + aZI-f3^il-a3), (101) 

since 

KaT = {KaZ)WiW2. (102) 

Note that due to the single-sided operation of the rotor, we get a fiaw 
in the sign of the transformation coming from the anti-unitarity of 
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inversions, viz 



T i^^X; _eT/7i (^1 + l(e + e)aj (-eT/71) 

= — e I 1 na I T/71 

V 2 ; (103) 

(^1 - ina^ T(-l) = -ir,T. 

This shows that we cannot have a faithful representation of the re- 
stricted conformal group in terms of spinors. 

Such a flaw naturally also takes place for 4-d spinors 

Z Zla2 Z/cr2 - aZIcr2/73^(l + (73) 

jinv. (104) 
-Z -aZl^^h,\-a^) = -Ka{Z). 

This flaw in the sign is therefore indicating that these spinors are a 
4- valued representation of the restricted conformal group. This agrees 
with the definition of a 1-valence twistor as a 4- valued spinor represen- 
tation of the restricted conformal group. 

Spinors are formed from even elements of the space-time algebra, and 
the rotors of the restricted conformal transformations are constructed from 
bivectors of the form 7/^7^ for spatial rotations and boosts, and of the form 
67^ and 67^ for the rest. We have found that we can summarise the above 
transformations, by stating the representation of the action of these bivectors 
on a general 4-d spinor V' 

e-ln ^ -7^^/73 (105) 
e-lp, ^ -I'^^i>-to. (106) 

These are the accurate maps to use, and this amends the ones previously 
established in and which only differ by a minus sign. 

The formalism described in this section is the keystone to the geometric 
algebra approach to twistors, since not only it justifies the position depen- 
dence of the twistor as a 4-d spinor, which comes about just by translating 
the origin to a general position vector, but also, the conformal geometric al- 
gebra allows us to construct the geometrical structure of twistors in a simple 
way. 
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4 Geometrical description of twistors 



In this section we reproduce the resuhs found in [33 HHI for the geometrical 
description of twistors, making use of our formahsm, where twistors are 4-d 
spinors. 

The information in a twistor can be encoded geometrically, defining the 
twistor up to a scalar. We encounter two different types of twistors according 
to their scalar product, which describes the helicity eq. (|HH|l . If this one 
vanishes the twistor is called null and otherwise non-null. 

Furthermore, the twistor can be represented geometrically in two different 
ways which are equivalent, since they are the dual of each other. One of them 
consists in obtaining the locus representing the twistor in the complexified 
(or real) space-time, while its dual is given by the flagpole field of the primary 
part of the twistor which is called the Robinson Congruence. 

4.1 Null twistors: (ZZ) = 

The case of a null twistor is the simplest, and its representation can be 
obtained in the real space-time. This is a null ray, which points in the 
flagpole direction of vr, and passes through the point q which lies along the 
flagpole direction of uj. This representation is achieved for the case when the 
primary part of the twistor is null. Let us see this in detail. Using eq. (|5?Hl . 
we get the following equation for the locus 

ujp = ^ uj^il+as) +r7rla2lj3^{l+cr3) =0. (107) 

We can multiply this equation on the right by 'jouj to obtain 

UJ^ijO +'J3)0J = -rTTa2^{l - (T3)0J. (108) 

The left-hand side of this equation is the flagpole direction of w, according 
to eq.(@U, and we will denote it by K. A particular solution q can be found 
if we evaluate the equation at s = 0, which is the condition for null twistors, 
and this is 

Q = j, (109) 

where 

(3 = -Ia3W,TTr . (110) 

s=0 

The general solution can be expressed as 

r = q + hp, (111) 

where /i is a real scalar and p is the momentum given by eq. (|H7)l . This can 
be verified easily, since 

p (7Ta2^{l - a3)^) = 0. (112) 
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The solution given by eq. ljllip therefore represents the position vector of a 
null straight line, a ray. This is in the direction of the flagpole of vr and 
passes through the point which can be pictured as the position vector of 
the point of intersection of the line with the null cone at the origin. Note 
that the ray remains invariant under rescaling: Z i— > Z' = \Z, where A is 
just a scalar of the space-time algebra. This indicates that the twistor can 
only be determined by its ray up to proportionality. 

The case that we just considered, is for special null twistors, such that 
their primary part is zero. If instead we consider now the case where the 
projection part vanishes, it is not possible to find a finite locus. For a non- 
trivial twistor, the locus can be taken as the 'light cone at infinity'. 

4.2 Non-null twistors: {ZZ) ^ 

In this case the locus, given by a null line as well, is in the complexified 
space. A real realization can be obtained through the dual picture, which 
corresponds to the system of all null lines which meet the locus |29| . This 
system is the Robinson Congruence, and is defined by the field of flagpole 
directions of the primary part ujp. 

The congruence can be visualised by taking a particular example, since 
any two Robinson congruences can be transformed one into the other by 
a Poincare transformation. We will obtain a congruence of rays that twist 
about one another without shear, in a right-handed way if the helicity is 
positive and in the other sense otherwise. Furthermore, we will confirm the 
geodetic property of these circles, by showing that these correspond to d-lines 
in a non-Euclidean space. 

Let us use the same example of jS^ P-59-63 to see how the congruence 
is found in terms of GA. The particular twistor denoted here by Z^g, corre- 
sponds to 

Zeg =i'eg + ripegIl3^{l+(^3), (113) 

where 

i^eg = -/CT2S-(1 + a-^) + Ia2-{1 - ^3), (114) 

and 

r = t'jo + x-fi + yj2 + z'js. (115) 
In this example s denotes the helicity. This can be verified using eq. l(KH|l 

-{ZegZeg)s = S. (116) 

Let us now find the field of flagpole directions of the primary part of the 
twistor, since this gives the tangent field to the Robinson congruence. The 
primary part is 

ojp = Zeg^{l + as) = {-Ia2S + r/cj2/73)^(l + CT3), (117) 
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and its flagpole defined by eq. l|^ will be denoted by K. In order to get 
a 3-d picture of the tangent field, and therefore of the congruence, we need 
to project K into a hyperplane. We choose to do such manipulations in the 
conformal space making use of the results found in chp.lO of since the 
computations are easily achieved there. We first obtain the line in the K 
direction, and then we project it. The line in the conformal space is of the 
form 

L = Kee + r AK An, (118) 

where r is the position vector of a point in the line, e and e are the added 
vectors to construct the conformal space, eq. (|H^ . and n is the null vector of 
eq. (|M|l . This line is projected into the hyperplane t = t, which is represented 
in the conformal space by 

P = {jo + rn)h, (119) 

where Ig = 7o7i 7273^6 is the pseudoscalar of the 6-d space. The projected 
line in the plane is 

Lp = L + PLP, (120) 

since PLP corresponds to the refiection of the line L with respect to the 
plane P. 

The direction of the line can be recovered easily if the line passes through 
the origin. This is so because according to eq. (|118jl we see that at the origin 
we have: Lq = Kee. Thereupon, let us translate the line Lp and make it 
pass through the origin to recover its direction. The translation rotor that 
we need here to make the line pass through the origin is (recall eq.lEHll) 

Rbo = 1- \nr{t = r), (121) 

where r{t = r) is just the position vector r evaluated at the intersection 
t = T. The direction of the projected tangent can now be obtained 

Tdir = {RBoLpRBo)ee. (122) 

To plot this vector field (its normalised version: Tndir), we need to set values 
for r and s. Let us take for example r = and s = ^. The following plots 
are obtained figE 

If we compare this tangent field with the figure of the Robinson congru- 
ence of pSJ on p. 62, we see that it has the expected form. Furthermore it is 
important to note that the congruence advances in opposite direction to the 
z axis, i.e. in the projected direction of the flagpole of vf^, which corresponds 
to the projected momentum. 

In order to make evident the role of the helicity in the twisting of the 
curves, let us plot two different figures for exaggerated helicities: 10 and 
—10. FigElshows the projected tangent field viewed at 45° for the two cases. 
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(a) View at 45° 



(b) Frontal view 



Figure 1: Projected tangent field from two different views 1(a) and 1(b) 



We can see that the twisting of the lines is right-handed for positive helicity, 
fig 



2 a 



and in the opposite direction for negative helicity, fig 2(b) 



The curves with tangent field Tndir are constructed as follows. First we 
take the relative vector of r, in order to be able to visualise the curves in 3-d 
space, and parametrise it, viz 



The tangent field defines the velocity 

9rre/(/i) 



vifJ-) = Tndir{lj){t = 0) A 70, 



(123) 



(124) 



and hence the acceleration is given by: a(/i) = ^^7^. 

After verifying that the motion is confined to a plane, circular and with 
constant acceleration, we can define the centre of the circle as follows 



CT = rrel{lj) + \p\ 



|a(^)| 



(125) 



where \p\ is the magnitude of the radius of the circle, which for this sort of 
motion is l/|a(;u)|, since the velocity is \v{fi)\ = 1. 

To obtain the circle we need to rotate the radius p = Vreiip) — ct from 
9 = to 9 = 27r. The position vector of any point in the circle is therefore 



Ct + RpR, 



(126) 
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(a) Positive helicity: s = 10 



(b) Negative helicity: s = — 10 



Figure 2: Tangent field at 45° for positive and negative helicities. 

where R is the rotor in the plane 

i? = cos(^Q +Bsm(J^ . (127) 

B is the bivector encoding the plane where the rotation takes place 

B = vif,)A-^, (128) 

and we see that it is normalised: = —1. 

To get a plot of the circle we take specific values of x = Nx, y = Ny, 
z = Nz and s, with 6 E [0, 27r]. This circle is part of a family of circles 
around a torus. To get more members of this family we take 

X = Nx cos((/)), 

y = NySm{(t)), (129) 
z = N,, 

and vary (/> from an initial angle to (f)f = 4>i + 2tt. The following plots 
are obtained for two different sets of initial coordinates and helicities. These 
circles do not intersect at all. FigElshows the congruences^ from two different 
perspectives. 

The Robinson congruence has therefore successfully been recovered within 
the formalism of geometric algebra. We now confirm the geodetic property of 

^The lines in the plots were chosen as tubular for the sake of perspective, in order to 
be able to distinguish each family of circles. 
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(a) View at 45° 



(b) Upper view 



Figure 3: Congruences of circles from two different perspectives. 

the curves, by showing that these correspond to d-hnes in the non-Euchdean 
space. 

The conformal representation of the position vector Udrc in a non-Euchdean 
space, is given according to eq. l(67|l by 

Xcirc = 2^2 ("circ"- + 2sMcirc " s'^fi) (130) 

^ ~ '^circ 

where Udrc = fdrc ■ 7o for consistency with the non-Euchdean space. Note 
that the hehcity s is identified with the fundamental length scale A introduced 
to make the null vectors X in the conformal space dimensionless. This is 
crucial in our formalism, since for cosmological scenarios, this constant is 
identified with the cosmological constant ^2^! Therefore such a constant 
tells us about the fundamental structure of the space, and in this case, the 
helicity is the responsible of the underlying geometry of the twistor. 

Let us now translate the circles to the origin in order to confirm their 
nature as d-lines. The rotor achieving translations in the conformal space is 
of the form of eq. l(7T1l . therefore for this specific task it corresponds to 

T-u,„.a = y ^ - eUdrc)- (131) 

The new position vector in the conformal space is thereupon 

■^circ ~ T-Ucirc-^circT-Ucirc- (132) 

From this we can recover the 3-d position vector u'^^^^ as follows 

<..c = E«%^. (133) 

fc=l ^«rc • ^ 
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Figure 4: Congruence of d-lines at the origin. 



If we plot the family of circles obtained from this position vector, proceeding 
in exactly the same way as before, we find a cone through the origin! See 
figH 

This result confirms that the circles of the Robinson congruence are of 
geodetic nature, since the geodesies in a hyperbolic space are represented 
conformally as circles that become straight lines at the origin (see for example 
[SH], HO] and [2S1)- 

4.3 Null ray as an observable of the 6-d space 

Re-interpreting a twistor as a 4-d spinor within geometric algebra, has al- 
lowed us to apply the machinery already known from quantum mechanics, to 
recover the physical properties of the massless particle encoded in a twistor. 
In this section, we want to show that a further advantage of this new inter- 
pretation, is that the geometrical properties of a twistor can also be obtained 
as quantum observables. This takes place in the conformal space, and there- 
fore, the quantum system is defined by the 6-d twistor T. 

Let us consider the simplest geometrical description, which is the null ray 
representing a particular null twistor. The equation for the ray is eq. ^llljl . 
and this can be expressed in the conformal space by making use of eq. l|118|l . 
which gives us 

L = g ApAn-l-pee. (134) 

Any object proportional to L will define a line passing through q in the 
direction p. 

We set the observer at the origin, which means that T is replaced by 

= 1PW1W2, (135) 
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where tp is the 4-d spinor in eq. l|^ . Since the hehcity is the object that 
defines the geometry of the twistor in space-time, let us see if we can find 
the ray in terms of the spin bivector. According to eq. (|i2|l . this would be of 
the form 

= (^-/cra^ ) A n. (136) 

We can expand this expression taking into account the results found in 12.31 
for ■0, and we obtain 

= ^(Mo An + pee), (137) 

where Mq is the angular momentum at the origin given by eq. (|6()p . 

The total angular momentum of a twistor, given by eq. (|59|l . is zero when 
the twistor is null. In this case the angular momentum at the origin Mq can 
be expressed in terms of the momentum p and the position vector q, viz 



Mn 



= q Ap 

s=0 



(138) 



The observable takes now the following form 



L^ = ^{q/\p/\n + pee), (139) 

which leads to 

L = 2L^, (140) 

if the condition for null twistors is satisfied. 

In conclusion, the ray representing a particular null twistor can be ob- 
tained as an observable of a quantum system in 6-d, where the state is 
described by the spinor ^, and the observable is related to the spin bivector. 

Let us look at interesting features of this, by moving around our observ- 
able. 

If we apply a translation we find 

L'^ = TaL^Ta 

= {^'la-i^') An (141) 
= - [{q + a) Ap An + pee] 

where "3/' = Ta^. This new ray is still in the direction of p, but passes now 
through the point q + a. 

If we now apply an inversion to the 6-d spinor, let us see how the ray 
transforms 

L'^ = (V/as^O A n 

= -e[(^'/o-3$) A n]e (142) 
= ^[P AK An + Kee] 
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where K is the flagpole direction of w as before, and P corresponds to the 
point of intersection of the new null ray with the null cone. This is given by 

P = ^P, (143) 

where 13 is defined by eq. (|lin|l . and is the same coefficient as the one for the 
point q given by eq. Hl()9|) . This indicates that the 'inverted' new ray, which 
is in the direction K passing through P, is perpendicular to the old one, and 
therefore it belongs to the family of rays that are dual to this observable. 

5 Conclusions 

Throughout this work we have shown that twistors can be consistently re- 
interpret in terms of 4-d spinors with a position dependence, within the 
framework of geometric algebra. The manipulations of these objects are 
simplified enormously within our framework, since we already know how 4-d 
spinors behave in relativistic quantum mechanics. This is one of the main 
advantages and motivations of the formalism. Important aspects of twistors, 
such as the physical properties of the massless particle that a twistor is 
encoding, can be recovered applying the machinery of quantum mechanics 
to the 'translated' 4-d spinor. Furthermore, the conformal geometric algebra 
enables us to obtain in a simple way the geometrical properties of the twistor. 
We have also shown, that a twistor can be extended to the 6-d space in the 
form of a 6-d spinor, with the utility to recover its geometrical properties as 
observables of a quantum system determined by the 6-d spinor. 

It can be argued in this light, that although significant simplifications of 
the formalism have been achieved, we might be contradicting the initial pur- 
pose of twistors, as fundamental objects from which the space of quantum 
mechanics and general relativity can be constructed, if twistors are taken 
from the beginning as 4-d spinors. However, in [2j we will show that within 
our formalism, points in the conformal space can be derived through twistors. 
Furthermore, we will show that our formalism can bring together multipar- 
ticle quantum systems, conformal geometry and wave-functions for spin-0 
particles. The relevance of this is that geometric algebra acts as a unifying 
tool. The goal in the future is to construct wave-functions of different spin 
within geometric algebra in a unified way, in order to pursue supersymmetry. 
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